Weak magnetohydrodynamic turbulence in the presence of a uniform magnetic field is dominated by three-wave interactions that mediate the collisions of shear-Alfvén wave packets propagating in opposite directions parallel to the magnetic field. The scaling of three-wave couplings is calculated by asymptotic analysis and a direct numerical evaluation of the nonlinear interaction based on the reduced magnetohydrodynamic equations. A new relation is derived between the spectral index of three-wave coupling and the spectral indices of two random-amplitude wave packets. This relation has significant implications for the anisotropic energy spectrum. © 1997 American Institute of Physics.
I. INTRODUCTION
The structure and scaling of magnetohydrodynamic ͑MHD͒ turbulence are issues of considerable interest for laboratory as well as astrophysical plasmas. Incompressible magnetohydrodynamics, despite its limitations as a model, is usually the starting point for the investigation of these issues. In the presence of a directed magnetic field, MHD turbulence tends to exhibit a pronounced anisotropy. The main goal of this paper is to examine, in the limit of weak turbulence, the nature and scaling of the anisotropic fluctuations in a plasma permeated by a spatially uniform magnetic field BϭB 0 ẑ. We demonstrate that the scaling of the anisotropic fluctuations even in this highly simplified configuration exhibits features that raise serious questions regarding the validity of some common assumptions made in scaling or closure studies of MHD turbulence.
In view of the striking success of Kolmogorov's original theory of hydrodynamic ͑HD͒ turbulence, 1 it is plausible that early work in MHD turbulence relied on some of the same assumptions as the Kolmogorov theory after incorporating new dynamical features introduced by the presence of magnetic fields. Two such well-known assumptions are the isotropy of the turbulence and the dominance of local interactions in k-space. In the Iroshnikov-Kraichnan ͑hereafter, IK͒ theory of MHD turbulence, 2, 3 small-scale fluctuations are envisioned to behave as Alfvén wave packets propagating along magnetic lines of force, and the collision between two oppositely propagating wave packets provides a mechanism for the cascade of energy to short wavelengths. This picture of colliding wave packets mediating the cascade to short wavelengths not only provides physical insight, but is also supported by evidence in numerical experiments 4, 5 as well as in situ observations of the solar wind [6] [7] [8] [9] that Alfvénic fluctuations play an important role in the energy transfer between the fluid and magnetic field fluctuations. While the IK theory elucidates the role of colliding Alfvén wave packets in the generation of the cascade, it retains the assumptions of isotropy and local interactions underlying the Kolmogorov theory.
The violation of the assumption of isotropy in the presence of a mean magnetic field has been recognized by several investigators. [10] [11] [12] [13] [14] [15] [16] [17] However, the assumption of local interactions has not received the same amount of scrutiny. One of the objectives of this paper is to revisit this assumption, and provide analytical and numerical evidence that raise questions about its validity. We also show that the violation of this assumption can have a significant effect on the scaling of the anisotropic energy spectrum.
II. DIMENSIONAL AND HEURISTIC ANALYSIS
In order to elucidate the important role that the assumptions of isotropy and local interactions have played in theories of MHD turbulence, we begin with a brief review of scaling arguments in HD as well as MHD. Kolmogorov 1 demonstrated that the turbulent energy spectrum in the inertial range of an incompressible fluid can be found by dimensional analysis. His argument can be summarized as follows. Let us assume that the turbulence is isotropic in wave number (k) space. Then the total energy can be written ͐E(k)dk where E(k) is the turbulent energy spectrum. Assume that there exists an inertial range such that the energy transfer rate (k) is constant ͑independent of k͒ and, furthermore, that the energy transfer is local in k-space. Since the dimension of is
where L is the dimension of length and T is of time, dimensional homogeneity of the relation ϳk ␣ E k ␤ yields the inertial-range energy spectrum E(k)ϰ
. Iroshnikov 2 and Kraichnan 3 extended Kolmogorov's analysis to incompressible magnetohydrodynamic ͑MHD͒ turbulence. As discussed by Kraichnan, 3 there is a crucial distinction between hydrodynamic ͑HD͒ and MHD flows: whereas a uniform velocity in a HD flow can be transformed away by a Galilean transformation, a uniform magnetic field in a MHD flow cannot. The imposition of a background magnetic field causes wave disturbances to travel along the uniform magnetic field in both directions with Alfvén speed V A ͑which is a measure of the magnetic field strength͒. A wave packet can interact with another wave packet only if the two are moving in opposite directions and collide. Since the interaction time ϳ͑kV A ͒ Ϫ1 is usually much shorter than the eddy turn over time k Ϫ1 v(k) Ϫ1 , where v(k) is the typical amplitude of the wave ͑in dimension of velocity͒, the energy cascade is more inhibited in MHD than it is in HD. By treating the kϭ0 component of the magnetic field at any spatial location as the locally uniform field, and assuming that the MHD turbulence is isotropic and local in k-space, Kolmogorov's dimensional arguments can be repeated, now with depending on k, E(k), and
we can deduce the spectral index of the inertial-range energy spectrum:
with the unknown ␥ to be determined. ͓Note that the Kolmogorov spectrum ϭ 5 3 is obtained if we set ␥ϭ0 in Eq. ͑1͒.͔ To find , we must determine the value of ␥ which gives the power law dependence of on V A . This can be done in the limit of weak turbulence when the interaction between two wave packets can be treated by perturbation theory. The lowest-order interaction involves three-wave interactions during which two wave packets collide for a typical time scale ϳ͑kV A ͒ Ϫ1 and produce a third wave with typical velocity magnitude ␦v. By the relation ϰ(␦v)
2 / ϰ, we obtain ␥ϭϪ1 and thus ϭ 3 2 , which yields the Iroshnikov-
The scaling results obtained above by dimensional analysis for isotropic MHD turbulence can also be obtained by an alternate physical argument. 13, 14 Let each of the two colliding wave packets have amplitude of the order v and spatial scale k
Ϫ1
. Assume that the energy transfer is local in k space, which means that a wave will interact dominantly with another wave with the same length scale but moving in the opposite direction. From the MHD equations, we estimate that v ϳkv 2 , where an overdot denotes time derivative. Then, if three-wave interactions dominate, we can write ␦vϳv ϳv 2 /V A . In the weak limit, it will take a large number of random collisions, Nϳ(v/␦v) 2 ӷ1, to change a wave packet amplitude significantly. Assume that the energy content of the wave in this length scale cascade to the smaller scale after N collisions. Hence, we obtain
, also obtained by dimensional analysis. The physical argument discussed in the preceding paragraph shows how a heuristic scaling can be obtained when dimensional analysis fails. Dimensional analysis is useful in determining the spectral index if the turbulence is isotropic. However, in the presence of a background magnetic field, the MHD turbulence is anisotropic. [10] [11] [12] [13] [14] [15] [16] [17] Dimensional analysis cannot then provide a definite result since it cannot discriminate between the two length scales perpendicular ͑k Ќ
͒ and parallel ͑k ʈ
͒ to the uniform magnetic field. Let us assume that the energy cascade occurs entirely in the direction perpendicular to the uniform field so that the total energy can be written ͐E(k Ќ )dk Ќ dk ʈ . If we now repeat the scaling argument given in the last paragraph with ϳ͑k ʈ V A ͒
, we obtain
for weak MHD turbulence dominated by three-wave interactions.
In this paper, we attempt to test from first principles the assumption of local interactions. One of our main results is that the heuristic scaling ␦vϳk Ќ v 2 /k ʈ V A for three-wave interactions is questionable, and this casts serious doubts on the validity of the arguments given above of the energy spec-
. We obtain a new nonlocal scaling for the fluctuation ␦v and explore its possible consequences for the anisotropic energy spectrum of weak MHD turbulence. Following Iroshnikov 2 and Kraichnan 3 we assume that threewave interactions dominate, but our emphasis here is on the scaling of the anisotropy, neglected in the IK theory.
III. THREE-WAVE INTERACTIONS
The dominance of three-wave interactions in the limit of weak turbulence has been the subject of two recent papers by Montgomery and Matthaeus 18 and Ng and Bhattacharjee ͑NB͒.
14 Using the ideal MHD equations, NB show that threewave interactions mediating the collision of two shearAlfvén wave packets are in general nonzero if the k ʈ ϭ0 components of the wave packets are nonzero. This has been shown to be true for the full as well as the reduced MHD ͑RMHD͒ equations. 19 Furthermore, using the RMHD equations, NB calculate in closed form the three-wave and fourwave interaction terms, and shown the former to be asymptotically dominant if the wave packets have nonzero k ʈ ϭ0 components. To keep this discussion self-contained, we begin with a summary of relevant results by NB. The RMHD equations ͑in the ideal limit͒ can be written as
where the magnetic field is given by Bϭẑϩ" Ќ A؋ẑ with A as the magnetic flux function, the flow velocity is given by vϭ" Ќ ؋ẑ with as the stream function, and [, A]ϵ y A x Ϫ x A y . The parallel vorticity is then ⍀ϭϪٌ Ќ 2 , and the parallel current density is JϭϪٌ Ќ 2 A. Note that we have normalized the background uniform magnetic field in the ẑ direction to have unit magnitude, and the density has been chosen so that the Alfvén speed V A ϭ1. For weak interactions between two colliding shear-Alfvén wave packets f Ϯ traveling in the Ϯẑ directions, we write perturbative solutions of the form
where x Ќ ϭ(x,y) is perpendicular to ẑ and z Ϯ ϭzϯt. For given zeroth order fields f Ϯ , the first-order solutions can be found by solving the equations
This is a radiation equation for the first-order fields, with the source term determined by the overlap of the given zerothorder fields f ϩ and f
Ϫ
. ͑The source term is localized both in space and in time, assuming that the functional forms of f
where 
. ͓The calculation can also be carried through in the more general case when f Ϯ ͑x Ќ ,z͒ can be written as a sum of such separable terms, which is always possible as long as the boundary conditions in x Ќ are periodic.͔ Then we can write
, and F Ќ and G Ќ are the twodimensional Fourier transforms of F Ќ and G Ќ . We obtain
where
We see that the asymptotic ͑resonant͒ three-wave terms f 1 Ϯ ͑x Ќ ,z Ϯ ͒ vanish in the special case f ϯ ͑0͒ϭ0, when the k z ϭ0 components of the wave packets are zero. Since this is a rather special case, we shall not consider this possibility further.
Note that f 1 Ϯ , given by Eq. ͑4͒, are bilinear functions of f ϩ and f Ϫ . Hence, in order to obtain the leading-order velocity fluctuation caused by three-wave interactions, f ϩ and f Ϫ need to be distinguished. This distinction is not made in the first estimate of Eq. ͑2͒ to which we shall return later.
IV. THREE-WAVE SPECTRUM: ANALYTICAL
We note that the expression ͑5͒ for three-wave interactions preserves the z dependence of the zeroth-order fields. This implies that there is no energy cascade parallel to the magnetic field. However, as pointed out by NB, four-wave interactions do not generally preserve the z dependence of the zeroth-order fields and exhibit harmonic generation, and can, in principle, contribute to a parallel cascade. Since three-wave couplings are much larger than four-wave couplings for weak turbulence, we neglect the effect of a parallel energy cascade. Using Eq. ͑5͒, we can then calculate explicitly the scaling of three-wave interactions. Specifically, our objective is to calculate the spectral indices of the three-wave fields as functions of the spectral indices of the zeroth-order fields. These functional relations should not be affected by the magnitude of the zeroth-order fields as long as we stay within the domain of validity of the weak turbulence approximation.
Imposing periodic boundary condition in x Ќ , we can write
where f mn Ϯ are constants which define the spectral indices Ϯ of the zeroth-order fields. We define the energy
͑6͒
with the spectral functions given by
. Assuming that energy is distributed randomly in the zerothorder fields according to these spectra, we now proceed to calculate the spectra of the first-order fields, as specified by Eq. ͑4͒. We rewrite the right-hand side of Eq. ͑5͒ as
with F mn Ј ϭ F mn / (2) 2 (m 2 ϩ n 2 ), and note from Eq. ͑3͒ that
By direct substitution, we obtain
and
Note that F mn Ј is symmetric with respect to the exchange of the ϩ and Ϫ indices, while G mn is antisymmetric. Combining Eqs. ͑7͒-͑9͒, we obtain
Now let the spectral indexes of u mn Ϯ be Ϯ , i.e.,
We can estimate Ϯ in two asymptotic regimes. For ϩ ӷ Ϫ , since f mn ϩ decays much faster than f mn Ϫ at large wave numbers, we only need to sum over the domain of small (p,q) in Eqs. ͑8a͒ and ͑9a͒ for large (m,n). For (m,n)ӷ(p,q), we thus obtain
where the overbar indicates average over the f mn ϩ spectrum. It follows by inspection that
Similarly for ϩ Ӷ Ϫ , we obtain
V. THREE-WAVE SPECTRUM: NUMERICAL
The analytical estimates ͑11͒, although suggestive, cannot be assumed to hold in the regime Ϫ Ϸ ϩ which is of considerable physical interest. Therefore, we treat this regime numerically, as follows.
We calculate u mn ϩ by a pseudo-spectral method. We first assign random amplitudes f mn Ϯ for a given choice of zerothorder spectral indices Ϯ . We then use fast Fourier transforms ͑FFT͒ to transform the data from spectral space to physical space. The nonlinear terms in physical space are evaluated by a finite-difference method. Finally, we find u mn ϩ by another FFT, and calculate the spectral index ϩ by either measuring the slope of a log-log plot of the spectrum, or by using a least-squares fit.
We remark that the numerical procedure discussed above is rather different from the procedure generally followed in incompressible MHD simulations that integrate forward in time the MHD equations of motion, and attempt to calculate the spectra, when possible, from a numerical identification of an inertial range. Our approach is based on our rigorous analytical formulas for three-wave interactions, 14 valid in the limit of weak turbulence, which we use to obtain the relation between the spectral indices. In doing so, we assume that the spectral forms of the zeroth-order fields are given, and infer the indices of the first-order fields from a numerical study based on our analytical formulas.
In Fig. 1 , we plot the spectra of the zeroth-order field f mn Ϯ as well as the spectra of the first-order field u mn ϩ for increasing spatial resolution ͑from 64 2 to 2048 2 ͒ for the case ϩ ϭ Ϫ ϭ3. While the spectrum of the zeroth-order field is approximated very well by a straight line for almost the whole range of k Ќ , the spectrum of the first-order field curves downward for large k Ќ . Note, however, that as the spatial resolution is increased, the straight-line fit for the first-order spectra extends to larger values of k Ќ , with ϩ Ϸ1 for this case. Hence, it is reasonable to attribute the downward curve of the first-order spectra to the cutoff of the zeroth-order spectrum. As this cutoff is pushed to lower limits, the fit approaches a straight line to a higher degree of accuracy.
For 2048 2 resolution, Fig. 2 shows a contour plot of ϩ in the range of 0р Ϯ р5. ͑We have also obtained, at lower resolution, numerical results in the larger range Ϫ3р Ϯ р20, but the spectra are less clean and not shown here.͒ Note that the contour of Ϫ is just that of ϩ with the labels of Ϯ interchanged, since Ϫ ͑ ϩ , Ϫ ͒ ϭ ϩ ͑ Ϫ , ϩ ͒. The spectrum of G mn has also been calculated and is symmetric with respect to Ϯ . It is found that the index of G mn is given approximately by min͑ Ϫ , ϩ ͒Ϫ2 and
which is consistent with the asymptotic estimates ͑11͒. Moreover, for the case ϩ ϭ Ϫ ϵ, we obtain
The spectra of three-wave interactions calculated using different numerical resolution, with spectral index ϩ Ϸ1 and ϩ ϭ Ϫ ϭ3. The spectra of the zeroth-order fields are also shown ͑arbitrary units͒.
Note that while the spectral indices of both F mn Ј and G mn are symmetric with respect to ϩ and Ϫ , that is not so for ϩ or Ϫ . This asymmetry is due to a significant cancellation between F mn Ј and G mn in the second term of Eq. ͑7͒.
VI. DISCUSSIONS
The results reported above are quite different from those expected by scaling arguments in Sec. II, which begin from the relation 4, 5 ␦v k
is the first relation in Eq. ͑2͒, rewritten with a subscript k on ␦v as well as v in order to emphasize the assumption of local interactions. According to this assumption, the dominant contribution to ␦v k comes from v k which is an eddy of the same spatial scale ͑k Ϫ1 ͒, so that ϳ2Ϫ3. In contrast, the present calculation suggests that the scaling of the magnitude of the forward-propagating first-order field ␦v k ϩ should be written
where v Ϫ represents the average amplitude of the backwardpropagating wave packet which includes the effect of all perpendicular length scales ͑implying, in effect, nonlocal interactions in k-space͒. We emphasize that zeroth-order fields with typical magnitudes v ϩ ͑propagating forward͒ and v Ϫ ͑propagating backward͒ are uncorrelated since they are assumed to be Alfvén wave packets coming in from two opposite directions with different regions of origination. Therefore, we need to distinguish between v Ϫ and v ϩ in a way that the heuristic scaling ͑13͒ does not. This point can also be appreciated by inspecting Eqs. ͑4͒ and ͑5͒, which are consistent with the scaling ͑14͒. If we regard v Ϫ in ͑14͒ as a constant independent of k Ќ , we recover the spectral index ϩ given by Eq. ͑12b͒. Similar considerations also hold for Ϫ . On the other hand, if we impose the ad hoc requirement that v Ϫ and v ϩ are dominantly correlated only for the same length scale k
Ϫ1
, then the summation in Eq. ͑10͒ will mainly pick up those local interaction terms so that
͓Note that the number of modes included in the summation is now proportional to (m 2 ϩn 2 )
which is the same as the estimate ϳ2Ϫ3 obtained from Eq. ͑13͒ for the case ϩ ϭ Ϫ . These subtle differences in scaling-obtained by imposing and relaxing the assumption of local interactions-have significant implications for the spectral index of the anisotropic energy spectrum. Let us explore some of these consequences by means of heuristic arguments. Following the procedure in Sec. II, let N k be the number of collisions needed to distort the wave amplitude v k with typical perpendicular wave number
, where E 1k is the energy spectral function of the first-order field due to three-wave interactions. Assuming that there is only a perpendicular energy cascade, the energy transfer rate can be estimated to be
which should be constant in the inertial range, with ϳ͑k ʈ V A ͒
. If we use v k 2 ϳE k k Ќ and the estimate ͑13͒, we obtain the anisotropic IK spectrum E k ϰk Ќ Ϫ2 . In contrast, if we use the estimate ͑14͒, we obtain E k ϰk Ќ Ϫ3 . These results can also be obtained by an alternative argument, as follows. According to Eq. ͑16͒, we have k ϰk Ќ E 1k which suggests that the spectral indices Ϯ should be chosen to correspond to Ϯ ϭ1. By looking up Fig. 2 ͑and the contour of Ϫ which is, in fact, the same graph with the exchange of labels ϩ ↔ Ϫ ͒, we obtain the result Ϯ ϭ3 for Ϯ ϭ1. This result should be contrasted with the result Ϯ ϭ2, or ϩ ϩ Ϫ ϭ4, obtained from Eq. ͑15͒ by heuristic arguments based on the local interaction assumption, as well as with the result Ϯ ϭ 3 2 obtained by closure methods in the isotropic case. 20 The new anisotropic spectrum, which is steeper than the anisotropic IK spectrum, can also be obtained by dimensional analysis. We write the energy cascade rate of the forward propagating wave in the form
, where we assume that E k ϩ depends only on k Ќ and that the wave number k ʈ appears always in the product with V A as a parameter. We also use Eqs. ͑14͒ and ͑16͒ to obtain the dimensional dependence on v Ϫ . Dimensional analysis then yields ␣ϭ3, ␤ϭ1, and ϭ3, which implies that E k ϰk Ќ Ϫ3 . We conclude this paper with a word of caution. The proposed scaling E k ϰk Ќ Ϫ3 is obtained here by heuristic arguments after Eq. ͑13͒ is replaced by the more rigorous scaling relation ͑14͒. While we have provided analytical and numerical justification of the scaling relation ͑14͒, we have not shown that the heuristic arguments used thereafter to deduce the energy spectrum can be justified from first principles when the three-wave interactions are nonlocal. A critical evaluation of the validity of these commonly used heuristic arguments will require further analytical and numerical work and will be the subject of future research.
